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W/D=2.5

Benchmark Report  R Pilarczyk, June 2022. 

Error in 𝐾𝐼(φ)due error in 
finite width correction 𝐹𝑤.
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The Classical Finite Width Correction 𝑭𝒘 Used.

Jim Newman’s finite width correction function, for a single crack

at a straight shank hole (from 1986) reads,

𝐹𝑤,𝑁𝑒𝑤𝑚𝑎𝑛=
1
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This expression should ideally scale well 𝐾𝐼
𝐷

𝑡
,
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
near both

vertices ‘a’ and ‘c’ in the large 4D parameter space.

The above benchmark example shows that the error might be as

large as 10% at vertex ‘a’ for a standard geometry, i.e. D/t=2,

a/c=1, a/t=0.2 and W/D=2.5.
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The Present Pilot Study.

• No ingenious engineering judgement.

• Approach: pure mining in numerical 𝐾𝐼-data, no mechanics 

whatsoever.

• Start: Derive 86000 𝐾𝐼(𝜙)-solutions covering a large 
𝐷

𝑡
,
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
-space. High accuracy in all computed data are of key 

importance in the present approach.

• Work+Luck: Identify accurate closed form 𝐹𝑤-expressions.

• Verification: The accuracy of all closed form 𝐹𝑤-equations are 

determined in the entire 
𝐷

𝑡
,
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
-space. 

. 
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D/2t= 0.1,   0.111, 0.125, 0.1428, 0.1667, 0.2, 0.25, 0.333, 0.4, 0.4444, 

0.5, 0.5714, 0.667,     0.75,       0.8, 1.0, 1.25, 1.333, 1.5,     1.75, 

2.0,     2.25,     2.5,       3.0,       4.0, 5.0,   6.0,     7.0, 8.0,       9.0,

10.0. (31 values)

a/t= 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 0.95.                                     

a/c= 0.100, 0.111, 0.125, 0.1428, 0.1667, 0.200, 0.250, 0.333, 0.500,          (10 values)

0.667, 0.750, 0.800, 1.000, 1.250,  1.333,  1.500, 2.000, 3.000, 4.000,   

5.000, 6.000, 7.000, 8.000, 9.000, 10.000.                                             (25 values) 

W/D= 1.6, 1.8, 2.0, 2.2, 2.4, 2.8, 3.2, 3.6, 4.0, 4.6,                                         (19 values)

5.2, 5.8, 6.4, 7.0, 8.0,10.0,12.0,15.0,100.0.

H/W=5.0

The constraint 
𝐷

2
+ 1.25 ⋅ 𝑐 ≤ 𝑊/2 resulted in about 86000 accurate 𝐾𝐼(𝜙)-

functions for tension, bending and pin loading.

The 86000 highly accurate 𝑲𝑰(𝝓)-solutions covering a large 
𝑫

𝒕
,
𝑾

𝑫
,
𝒂

𝒕
,
𝒂

𝒄
-space.

W
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Employing a hp-version of FEM as implemented in the STRIPE-code.
Mesh design:
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Accurate Calculation of             at arbitrary                          = ** 0,)(IK
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For smooth edges, the edge intensity functions K(x3) 

are analytic on open intervals sk  x3  sk+1 . Hence, we 

approximate the edge intensity functions with the 

polynomials:

Where       are unknown coefficients, p is the polynomial order of the finite 

element trial functions, and Pn the Legendre polynomials.

By applying the Maxwell-Betti reciprocity theorem the accuracy of the calculated 

K’s thus will depend only on a weighted average of the finite element solution 

inside the extraction domain.  This gives exponentially fast convergence, with 

increasing p to the exact K-values.

nk
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19 out of 86000 𝑲𝑰-
solutions (for tension 
loading) where peak-
values 𝑲𝑭𝑬𝑴−𝒂 and 

𝑲𝑭𝑬𝑴−𝒄 are marked 

with blue disks. W/D=1.6

W/D=100.0

W/D=

W/D=100

,100,               D=20

𝜙 [Degrees]

W/D=1.6

W/D=1.8
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𝐾_𝐼(𝜙) has near the two crack front vertices the following asymptotic 
expansion,

Where 𝑆𝑖,𝐼 are unknown constants, Λ𝑖 known constants and 𝑠(𝜙) the crack 
front arc length measured from the actual vertex. 
We here use only the four first terms, that is, in order of magnitude,

Λ1 = 0.547841,
Λ2 = 1.218267,
Λ3 = Λ1 + 1 = 1.547841,
Λ4 = 1.681545.

Use of advanced mathematical vertex theory to find 

accurate peak-values of 𝑲𝑰 near vertices ‘a’ and ‘c’, that 

is, with relative errors in 𝑲𝑰 of order 0.03%.
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The Figure exemplifies pointwise 
values of 𝐾𝐼near vertex ’a’ 
obtained from finite element 
analysis and the analytic 
expression, respectively.

Accurate peak values of 𝐾𝐼 are 
calculated by applying Newtons 
method to find the optimum of 
the analytic function 𝐾 𝑠 . The 
relative error in 𝐾𝐼-peak at all 
2x86000 vertices considered are 
estimated to be < 0.03%.

We now have access to 2x86000 
accurate peak-values of the 𝐾𝐼
𝐷

𝑡
,
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
-function. As 

W/D=100 corresponds to almost 
infinite width the corresponding 
𝐹𝑤-values are easily obtained.



12Results from the 86000 FEM analyses might be summarized in 620 tables of the type shown.

Errors in J. Newman’s 1986 𝑭𝒘 formula at vertex ’a’ for R/t=1 and a/t=0.2.
(includes the above benchmark example R/t=1, a/t=0.2 and W/D=2.5).

a/c
0.1                          0.2              0.5 1.0                     2.0               5.0                         10.0                   W/D

Error less than 2%

The error is defined as,

Benchmark 10% 

Error > 30 % for W/D=1.6.

Table Error in % in Jim Newman’s 𝐹𝑤-formula (1986) for R/t=1.0 and a/t=0.2.
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Development of an almost exact Finite Width Correction 

Function 𝑭𝒘
𝑫

𝒕
,
𝑾

𝑫
,
𝒂

𝒕
,
𝒂

𝒄
.

0.1                                   a/c 10.0

100
´

W/D

1.6

One table, out of 620, with 𝐾𝐼
𝑊

𝐷
,
𝑎

𝑐
for D/t and a/t fixed.

2. Divide

No data

Challenge: Find 

equation in 
𝑊

𝐷
,
𝑎

𝑐
such 

that  Δ𝐹𝑤=const.

1. Divide

3. Divide with
(1+𝚫𝑭𝒘 /100)

Three Steps.

𝚫𝐅𝐰=10%

𝚫𝐅𝐰=5%
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Development of an almost exact Finite Width Correction 

Function 𝑭𝒘
𝑫

𝒕
,
𝑾

𝑫
,
𝒂

𝒕
,
𝒂

𝒄
.

Assumption 1: We know 𝐾𝐼 for infinite large plates (i.e. W/D=100 and plate 
height/D=250). 
Assumption 2: Assume that 𝐾𝐼 also is known for a/c=10 (i.e. the data in the right 
column in tables of the type shown above). These data can be stored in very 
compact form as exemplified below. 
Assumption 3: The remaining error is given by a simple analytic function 𝚫𝑭𝒘.

The table below exemplifies the error obtained when adopting assumptions 1 
and 2 for the case R/t=1.0 and a/t=0.5.

Data in this corner of 
the table corresponds 
D/2+𝑐 > 𝑊/2.

W/D a/c →

Next slide

Error < 1% in this area Error < 0.1% in this corner
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Errors 𝚫𝐅𝐰 in % for case   
𝑹

𝒕
= 𝟏. 𝟎,

𝒂

𝒕
= 𝟎. 𝟓 a/c

W/D | 1/10 1/9 1/8  1/7 1/6  1/5  1/4 1/3 1/2 2/3 3/4  4/5   1   5/4  4/3 3/2   2   

---------|----------------------------------------------------------------------------------------------------
10.0 |   1.6  1.4  1.2  1.1  0.9  0.7  0.6  0.4  0.3  0.2  0.2  0.2  0.1  0.1  0.1  0.1  0.0 

8.0 |    2.7  2.4  2.1  1.8  1.5  1.2  0.9  0.7  0.4  0.3  0.2  0.2  0.2  0.1  0.1  0.1  0.1 
7.0 |                   2.9  2.4  2.0  1.6  1.3  0.9  0.6  0.4  0.3  0.3  0.2  0.2  0.2  0.1  0.1 
6.4 |                          3.0  2.5  2.0  1.5  1.1  0.7  0.5  0.4  0.4  0.3  0.2  0.2  0.1  0.1 
5.8 |                                         2.5  1.9  1.4  0.8  0.6  0.5  0.4  0.3  0.2  0.2  0.2  0.1 
5.2 |                                                 2.5  1.8  1.1  0.7  0.6  0.6  0.4  0.3  0.3  0.2  0.1 
4.6 |                                                 3.5  2.4  1.4  1.0  0.8  0.8  0.6  0.4  0.4  0.3  0.2 
4.0 |                                                 5.0  3.4  2.0  1.4  1.2  1.1  0.8  0.6  0.5  0.4  0.2 
3.6 |                                                 6.9  4.6  2.7  1.8  1.5  1.4  1.0  0.7  0.7  0.5  0.3 
3.2 |                                                         6.5  3.7  2.5  2.1  1.9  1.4  1.0  0.9  0.7  0.4 
2.8 |                                                                 5.6  3.7  3.1  2.9  2.1  1.5  1.3  1.1  0.6 
2.4 |                                                                         6.1  5.2  4.7  3.4  2.4  2.2  1.8  1.1 
2.2 |                                                                                        6.4  4.6  3.3  2.9  2.4  1.5 
2.0 |                                                                                                       4.8  4.3  3.6  2.2 
1.8 |                                                                                                                      3.6 
1.6 |                                                                                                                      7.0

---------|------------------------------------------------------------------------------------------------------

W/D | 1/10 1/9 1/8  1/7 1/6  1/5  1/4 1/3 1/2 2/3 3/4  4/5   1   5/4  4/3   3/2   2   

The function 𝚫𝑭𝒘(
𝑾

𝑫
,
𝒂

𝒄
) for R/t=1.0, a/t=0.5 in %.

Error < 0.1% 
in this corner

Error < 1%

Errors are up to 6-7% ! 

The function, 𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
to be developed

Shall ideally remove this error!
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Calculate Contour Levels for 𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
= 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭

W/D | 1/10 1/9 1/8  1/7 1/6  1/5  1/4 1/3 1/2 2/3 3/4  4/5   1   5/4  4/3 3/2   2   

---------|----------------------------------------------------------------------------------------------------
10.0 |   1.6  1.4  1.2  1.1  0.9  0.7  0.6  0.4  0.3  0.2  0.2  0.2  0.1  0.1  0.1  0.1  0.0 

8.0 |    2.7  2.4  2.1  1.8  1.5  1.2  0.9  0.7  0.4  0.3  0.2  0.2  0.2  0.1  0.1  0.1  0.1 
7.0 |                   2.9  2.4  2.0  1.6  1.3  0.9  0.6  0.4  0.3  0.3  0.2  0.2  0.2  0.1  0.1 
6.4 |                          3.0  2.5  2.0  1.5  1.1  0.7  0.5  0.4  0.4  0.3  0.2  0.2  0.1  0.1 
5.8 |                                         2.5  1.9  1.4  0.8  0.6  0.5  0.4  0.3  0.2  0.2  0.2  0.1 
5.2 |                                                 2.5  1.8  1.1  0.7  0.6  0.6  0.4  0.3  0.3  0.2  0.1 
4.6 |                                                 3.5  2.4  1.4  1.0  0.8  0.8  0.6  0.4  0.4  0.3  0.2 
4.0 |                                                 5.0  3.4  2.0  1.4  1.2  1.1  0.8  0.6  0.5  0.4  0.2 
3.6 |                                                 6.9  4.6  2.7  1.8  1.5  1.4  1.0  0.7  0.7  0.5  0.3 
3.2 |                                                         6.5  3.7  2.5  2.1  1.9  1.4  1.0  0.9  0.7  0.4 
2.8 |                                                                 5.6  3.7  3.1  2.9  2.1  1.5  1.3  1.1  0.6 
2.4 |                                                                         6.1  5.2  4.7  3.4  2.4  2.2  1.8  1.1 
2.2 |                                                                                        6.4  4.6  3.3  2.9  2.4  1.5 
2.0 |                                                                                                       4.8  4.3  3.6  2.2 
1.8 |                                                                                                                      3.6 
1.6 |                                                                                                                      7.0 

---------|------------------------------------------------------------------------------------------------------

W/D | 1/10 1/9 1/8  1/7 1/6  1/5  1/4 1/3 1/2 2/3 3/4  4/5   1   5/4  4/3   3/2   2   

Calculate accurate locations of 

contour levels for 𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
= 0.1%, 0.3%, 0.5%... errors 

from the accurate data in the table. 

The function 𝚫𝑭𝒘(
𝑾

𝑫
,
𝒂

𝒄
) for R/t=1.0, a/t=0.5 in %.

𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
= 𝟎. 𝟑%.
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W/D=1.6

W/D=2.8

R/t=1, a/t=0.5

a/c

Polynomials of order 6.

𝐾𝐼

All functions considered here, i.e.

𝐾𝐼
𝐷

𝑡
,
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
, Δ𝐹𝑤

𝐷

𝑡
,
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
are 

smooth analytic functions which 
can be accurately approximated by, 
for example, polynomials.

Finding contour levels for 𝐾𝐼 , Δ𝐹𝑤
etc. is then very straight forward 
numerically.

The figure to right exemplifies how 
well polynomials of order 6 in a/c
fits table data (the black dots) for 
the case R/t=1, a/t=0.5.

Calculation of Contour Levels for 

𝑲𝑰
𝑾

𝑫
,
𝒂

𝒄
= 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭.
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𝐾𝐼

The figure to right exemplify 
how well polynomials of order 6 
in a/t fits table data (the black 
dots) for the case R/t=1, 
a/c=2.0.

Smoothnesss of 𝑲𝑰
𝑾

𝑫
,
𝒂

𝒕
,
𝒂

𝒄
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W/D

a/c

𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
= 𝟎. 𝟓%.

Note 2% !
Accuracy in 
𝐾𝐼calculation    
is important.

Case  
𝑹

𝒕
= 𝟏. 𝟎,

𝒂

𝒕
= 𝟎. 𝟓

Figure shows level 
contours calculated by 
polynomial 
interpolation in 
available table data.

Challenge: 
Develop an analytic 
function that fit all 
red-blue-black dots 
with high accuracy.

Does points with 
𝚫𝐅𝐰 = 𝐜𝐨𝐧𝐬𝐭. fit a 

function 𝐨𝐟 𝐭𝐲𝐩𝐞
𝟏

𝜼

well?

η
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Equation (4) is, of reasons unknown to us, an equation that fits extremely 
well with all numerical data investigated so far (i.e. 12000 out of 86000 
solutions). 

A simple and very accurate equation in the variable  𝚫𝑭𝒘.
𝑎

𝑐
= 𝑐1 Δ𝐹𝑤 ⋅ 𝜂 + 𝑐2 Δ𝐹𝑤 1

𝑊

𝐷
=
𝑐3 Δ𝐹𝑤

𝜂
+ 𝑐4 Δ𝐹𝑤 2

Eliminating 𝜂 from (1) and (2) gives the following 

dependence between 
𝑊

𝐷
and 

𝑎

𝑐
,

𝑊

𝐷
= 𝑐1 Δ𝐹𝑤 ⋅

𝑐3 Δ𝐹𝑤
𝑎
𝑐
− 𝑐2 Δ𝐹𝑤

+ 𝑐4 Δ𝐹𝑤 3

Replace 𝑐1 Δ𝐹𝑤 ⋅ 𝑐3 Δ𝐹𝑤 with 𝑐5 Δ𝐹𝑤 and we get,

𝑊

𝐷
=

𝑐5 Δ𝐹𝑤
𝑎

𝑐
−𝑐2 Δ𝐹𝑤

+ 𝑐4 Δ𝐹𝑤 (4)



2121

• The red-blue-black dots 
are errors obtained from 
the very accurate FEM 
solutions. 

• The red curves are the 
equation,

• The three coefficients 
𝑐𝑖 Δ𝐹𝑤 are    
determined by a least
square fit to red-blue-
black data points (weight-
function=1.0).

• Agreement is excellent for
0.1% ≤ Δ𝐹𝑤 ≤ 7%.

𝒂

𝒕
= 𝟎. 𝟓

𝑊

𝐷
=

𝑐5 Δ𝐹𝑤
𝑎
𝑐 − 𝑐2 Δ𝐹𝑤

+ 𝑐4 Δ𝐹𝑤



22

𝒂

𝒕
= 𝟎. 𝟒

Graphs valid for 
a/t=0.4 showing 
Δ𝐹𝑤 = constant.
Coefficients {𝑐𝑖 , 𝑖 =
5,4,2} are obtained 
from a least square 
fit to data (contour 
level curves) in the 
table of accurate 
Δ𝐹𝑤-values. 
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𝒂

𝒕
= 𝟎. 𝟔

Graphs valid for 
a/t=0.6 showing 
Δ𝐹𝑤 = constant.
Coefficients {𝑐𝑖 , 𝑖 =
5,4,2} are obtained 
from a least square 
fit to data (contour 
level curves) in the 
table of accurate 
Δ𝐹𝑤-values. 
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𝒂

𝒕
= 𝟎. 𝟖

Graphs valid for 
a/t=0.8 showing 
Δ𝐹𝑤 = constant.
Coefficients {𝑐𝑖 , 𝑖 =
5,4,2} are obtained 
from a least square 
fit to data (contour 
level curves) in the 
table of accurate 
Δ𝐹𝑤-values. 
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𝒂

𝒕
= 𝟎. 𝟗𝟓

Limiting case,
𝐷

2
+ 𝑐 = 𝑊/2

Graphs valid for a/t=0.95 
showing Δ𝐹𝑤 = constant.
Coefficients {𝑐𝑖 , 𝑖 =
5,4,2} are obtained from 
a least square fit to data 
(contour level curves) in 
the table of accurate 
Δ𝐹𝑤-values. 

Agreement is 
excellent for
0.1% ≤ Δ𝐹𝑤 ≤ 15%.

𝑊

𝐷
=

𝑐5 Δ𝐹𝑤
𝑎
𝑐 − 𝑐2 Δ𝐹𝑤

+ 𝑐4 Δ𝐹𝑤
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𝚫𝑭𝒘 𝒄𝟓 𝒄𝟐 𝒄𝟒
0.1%

0.2%

8.0%

7.0%

For fixed (
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
)

calculate Δ𝐹𝑤 from,

and data in the 10 
tables for a/t=0.1, 
0.2,…, 0.95.

Calculation of 𝚫𝑭𝒘(
𝐖

𝐃
,
𝐚

𝐭
,
𝐚

𝐜
) with high accuracy.

a/t=0.95

a/t=0.1
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The almost exact Function 𝑭𝒘
𝑫

𝒕
,
𝑾

𝑫
,
𝒂

𝒕
,
𝒂

𝒄
.

0.1                                  a/c 10.0

100
´

W/D

1.6
No data

𝐾𝐼 ⋅ 𝑓𝑤 ⋅ (1 + Δ𝐹𝑤
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
/100)

We exemplify the high accuracy of 𝐹𝑤 by regenerating all tables with 

𝐾𝐼(
𝑊

𝐷
,
𝑎

𝑐
)-data using the 𝐹𝑤-function. An entry in the table is obtained as 

sketched below.  

AFGROW/NASGRO The scheme above can be used for compact storage 
of huge data bases for distribution to users . 

𝐾𝐼

𝑓𝑤



Error in % before applying the 𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
-correction. 

Error in % after applying the 𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
-correction. 

Errors are up to 6-7% !

Errors are 0.0 - 0.2% ! 

Accuracy of 𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
for the case

𝑹

𝒕
= 𝟏. 𝟎,

𝒂

𝒕
= 𝟎. 𝟓.
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𝒂

𝒕
= 𝟎. 𝟗𝟓

Limiting case,
𝐷

2
+ 𝑐 = 𝑊/2

Accuracy of 𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
for the case

𝑹

𝒕
= 𝟏. 𝟎,

𝒂

𝒕
= 𝟎. 𝟗𝟓.

A second example. 
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Another example of the high accuracy of 𝚫𝑭𝒘 for the case a/t=0.95.

Error in % before applying the 𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
-correction. 

Error in % after applying the 𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
-correction. 

Errors are up to 14-15% !

Errors are 0.0 - 0.2% ! 
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Calculation of 𝚫𝑭𝒘(
𝐖

𝐃
,
𝐚

𝐭
,
𝐚

𝐜
) at vertex ’c’ with high accuracy.

Vertex ‘c’

Data for vertex ‘c’ for a/t=0.5

The equation, 

approximates data in all tables 
very well. 

𝑲𝑰, 𝑭𝒘

a/c

W/D
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We don’t need functions 𝚫𝑭𝒘
𝑫

𝒕
,
𝑾

𝑫
,
𝒂

𝒕
,
𝒂

𝒄
with an error of order 0.1%?

Accurate 𝑭𝒘
𝑫

𝒕
,
𝑾

𝑫
,
𝒂

𝒕
,
𝒂

𝒄
-calculation. 𝑭𝒘

𝑫

𝒕
,
𝑾

𝑫
,
𝒂

𝒕
,
𝒂

𝒄
-calculation with 

prescribed and known accuracy.

𝑲𝑰, 𝑭𝒘

a/c

W/D

𝑲𝑰, 𝑭𝒘

a/c

W/D

Step 1: Approximate 𝐾𝐼
𝑊

𝐷
= ∞

with simple analytic function(s).  

Step 2: Approximate fw
𝑎

𝑐
= 10

with simple analytic function(s). 

Step 3: Simplified Δ𝐹𝑤(
W

D
,
a

t
,
a

c
) –

calculation.
Total approximation error is product 
between the 3 errors and known!

𝐾𝐼

𝐾𝐼

𝑓𝑤

𝑓𝑤
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One (of several possible) useful approach is to replace table data with closed 
form analytic approximations of 𝑐5, 𝑐2 and 𝑐4, respectively.
It was found that table data can be accurately approximated with the 
following functions (see example next slide).

Where 𝑎𝑖 and 𝑏𝑖 are six constants for fixed a/t (or smooth functions of a/t). 

Step 3: More useful but slightly less accurate 𝚫𝑭𝒘-calculation.  

𝑐5 Δ𝐹𝑤 ≈
𝑎5
Δ𝐹𝑤

+ 𝑏5, 𝑐2 Δ𝐹𝑤 ≈
𝑎2
Δ𝐹𝑤

+ 𝑏2 and 𝑐4 Δ𝐹𝑤 ≈
𝑎4
Δ𝐹𝑤

+ 𝑏4.

𝚫𝑭𝒘

Summary: accurate 𝚫𝑭𝒘-calculation 

A drawback in fatigue crack propagation 
analysis is that Δ𝐹𝑤 is not explicitly given in 
the equation above.
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𝑊

𝐷
=

𝑐5 Δ𝐹𝑤
𝑎

𝑐
−𝑐2 Δ𝐹𝑤

+ 𝑐4 Δ𝐹𝑤

𝑐5 Δ𝐹𝑤 =
𝑎5
Δ𝐹𝑤

+ 𝑏5, 𝑐2 Δ𝐹𝑤 =
𝑎2
Δ𝐹𝑤

+ 𝑏2 and

After inserting,

Into,

We get,

Where,

With the closed form solution,

Cont. more useful but slightly less accurate 𝚫𝑭𝒘-calculation.  

𝑐4 Δ𝐹𝑤 =
𝑎4
Δ𝐹𝑤

+ 𝑏4.

1

Δ𝐹𝑤

2

+ 𝑞 ⋅
1

Δ𝐹𝑤
+ 𝑟 = 0

𝑞 = (−𝑎2 ⋅
𝑊

𝐷
− 𝑎4 ⋅

𝑎

𝑐
− a5 + a2 ⋅ 𝑏4 + 𝑏2 ⋅ 𝑎4)/(𝑎2 ⋅ 𝑎4)

𝑟 = (
𝑎

𝑐
− 𝑏2 ⋅

𝑊

𝐷
− 𝑏4 ⋅

𝑎

𝑐
− 𝑏5 + 𝑏2 ⋅ 𝑏4)/(𝑎2 ⋅ 𝑎4)

Δ𝐹𝑤 = 1/(−
𝑞

2
−

𝑞2

4
− 𝑟 )
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Table data
Analytic with,

a/t=0.5

W/D

a/c

Graphs showing 
Δ𝐹𝑤 = constant
obtained from table 
data of {𝑐𝑖 , 𝑖 = 5,4,2}
(red curves) and the 
closed form analytic 
approximation 
using six 
coefficients
{𝑎𝑖 , 𝑏𝑖 , 𝑖 = 5,4,2}
(black curves).

Coefficients {𝑎𝑖 , 𝑏𝑖} 
were obtained from 
a least square fit.

𝑐𝑖 Δ𝐹𝑤 =
𝑎𝑖
Δ𝐹𝑤

+ 𝑏𝑖
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Error in % before applying the 𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
-correction. 

Error in % after applying the approximative 𝚫𝑭𝒘
𝑾

𝑫
,
𝒂

𝒄
-correction. 

Errors are up to 6-7% !

Errors are 0.0 – 0.3% except
for the largest cracks where 
errors reach 1.4%. 

Cont. more useful but slightly less accurate 𝚫𝑭𝒘-calculation.  
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𝑞 = (−
𝑊

𝐷
⋅෍

𝑗=0

𝛼2𝑗 ⋅
𝑎

𝑡

𝑗

−
𝑎

𝑐
⋅෍

𝑗=0

𝛼4𝑗 ⋅
𝑎

𝑡

𝑗

−෍

𝑗=0

𝛼5𝑗 ⋅
𝑎

𝑡

𝑗

⋯

𝑟 = (
𝑊

𝐷
⋅

𝑎

𝑐
−෍

𝑗=0

𝛽2𝑗 ⋅
𝑎

𝑡

j

−
𝑎

𝑐
⋅෍

𝑗=0

𝛽4𝑗 ⋅
𝑎

𝑡

j

−෍

𝑗=0

𝛽5𝑗 ⋅
𝑎

𝑡

j

𝑐𝑖 Δ𝐹𝑤 =
𝑎𝑖(

𝑎

𝑡
)

Δ𝐹𝑤
+ 𝑏𝑖(

𝑎

𝑡
), see Table.

Data in each column can be approximated 
accurately with,

𝑎𝑖 ≈෍

𝑗=0

𝛼𝑖𝑗 ⋅
𝑎

𝑡

j

𝑏𝑖 ≈෍

𝑗=0

𝛽𝑖𝑗 ⋅
𝑎

𝑡

j

Verification: Average error in 𝚫𝐅𝐰 is 0.2% in 4400 control points (R/t=1).

Next step: Determination of 𝛼𝑖𝑗
𝑅

𝑡
and 𝛽𝑖𝑗

𝑅

𝑡
.

≈ 20 coefficients

Δ𝐹𝑤(
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
, 𝛼𝑖𝑗 , 𝛽𝑖𝑗) = 1/(−

𝑞(⋯ )

2
−

𝑞(⋯ )2

4
− 𝑟(⋯) )
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A few remarks on how to (perhaps) use the finite width 
correction function above in AFGROW, NASGRO, FASTRAN.
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We had,

For W/D fixed (one specimen) we get,

Where 𝑄𝑖 and 𝑅𝑖 are constants dependent on W/D and R/t.

𝐀𝐅𝐆𝐑𝐎𝐖 𝐮𝐬𝐚𝐠𝐞: 𝚫𝑭𝒘 𝐟𝐨𝐫 𝐨𝐧𝐞 𝐝𝐨𝐦𝐚𝐢𝐧 𝐰𝐢𝐭𝐡 𝐟𝐢𝐱𝐞𝐝𝑾/𝑫

𝑞 = (−𝑎2 ⋅
𝑊

𝐷
− 𝑎4 ⋅

𝑎

𝑐
− a5 + a2 ⋅ 𝑏4 + 𝑏2 ⋅ 𝑎4)/(𝑎2 ⋅ 𝑎4)

𝑟 = (
𝑎

𝑐
− 𝑏2 ⋅

𝑊

𝐷
− 𝑏4 ⋅

𝑎

𝑐
− 𝑏5 + 𝑏2 ⋅ 𝑏4)/(𝑎2 ⋅ 𝑎4)

Δ𝐹𝑤 = 1/(−
𝑞

2
−

𝑞2

4
− 𝑟 )

𝑞 = 𝑄1 ⋅
𝑎

𝑐
+ 𝑄2

𝑟 = 𝑅1 ⋅
𝑎

𝑐
+ 𝑅2

1

Δ𝐹𝑤

2

+ 𝑞 ⋅
1

Δ𝐹𝑤
+ 𝑟 = 0
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AFGROW usage, continued. 

Accurate 𝑭𝒘
𝑫

𝒕
,
𝑾

𝑫
,
𝒂

𝒕
,
𝒂

𝒄
-calculation. 𝑭𝒘

𝑫

𝒕
,
𝑾

𝑫
,
𝒂

𝒕
,
𝒂

𝒄
-calculation with 

prescribed and known accuracy.

𝑲𝑰, 𝑭𝒘

a/c

W/D

10 tables for 
various a/t.

𝑐𝑖 Δ𝐹𝑤 =
𝑎𝑖

Δ𝐹𝑤
+ 𝑏𝑖 .

𝑞 = 𝑄1 ⋅
𝑎

𝑐
+ 𝑄2, 𝑟 = 𝑅1 ⋅

𝑎

𝑐
+ 𝑅2.

Δ𝐹𝑤 = 1/(−
𝑞

2
−

𝑞2

4
− 𝑟 )

Initial 
flaw 
size

1 table
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𝑊

𝐷
= 𝐺(

𝑎

𝑡
, 𝑐𝑖 Δ𝐹𝑤 )

W/D

a/t

a/c=2.0

We have,

Challenge:
Find function 𝐺(

𝑎

𝑡
, 𝑐𝑖)

which is in close 
agreement with all data 
points for all fixed a/c-
values so the 𝛼𝑖𝑗 , 𝛽𝑖𝑗-

dependence can be 
reduced/removed. 

Are significant improvements possible?

Δ𝐹𝑤(
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
, 𝛼𝑖𝑗 , 𝛽𝑖𝑗) = 1/(−⋯
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Concluding remarks

𝚫𝑭𝒘

1. Higly accurate 𝚫𝑭𝒘-calculation 

2. A closed form expression for 𝚫𝑭𝒘

3.  A general closed form expression for 𝚫𝑭𝒘 for D/t fixed.

4. The general closed form expression for 𝚫𝑭𝒘

𝑞 = 𝑄1 ⋅
𝑎

𝑐
+ 𝑄2, 𝑟 = 𝑅1 ⋅

𝑎

𝑐
+ 𝑅2.

𝚫𝑭𝒘 = 1/(−
𝑞

2
−

𝑞2

4
− 𝑟 )

Δ𝐹𝑤(
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
, 𝛼𝑖𝑗 , 𝛽𝑖𝑗) = 1/(−

𝑞(⋯ )

2
−

𝑞(⋯)2

4
− 𝑟(⋯ ) )

Δ𝐹𝑤
𝐷

𝑡
,
𝑊

𝐷
,
𝑎

𝑡
,
𝑎

𝑐
, 𝜖𝑖𝑗 , 𝛾𝑖𝑗 =? ? ?



43

Acknowledgements

The author wish to express his gratitude to Dr Jim Greer and 

Dr Greg Shoales USAFA and  project manager Dr Jack 

Lloyd-Reilley at South West Research Institute. 

This work could not have been accomplished without the 

support of the DoD High Performance Computing 

Modernization Program.


